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Abstract 

Spin observables allow a deeper understanding of the nature of the underlying 
dynamics and positivity reduces substantially their allowed domains. We 
will present some new positivity constraints for spin observables and their 
implications for parton distributions. We will also make some comparisons 
with recent data. 



1 Introduction 

Spin observables for any particle reaction, contain some unique information 
which is very usefull to check the validity of theoretical assumptions. Positiv- 
ity reduces substantially the allowed domain for spin observables and can be 
used to determine these domains for exclusive and inclusive spin-dependent 
reactions. We emphasize the relevance of positivity in spin physics, which 
puts non-trivial model independent constraints on spin observables. If one, 
two or several observables are measured, the constraints can help to decide 
which new observable will provide the best improvement of knowledge. Dif- 
ferent methods can be used to establish these constraints and they have been 
presented together with many interesting cases in a recent review article [1]. 
Here we will present some new positivity constraints for spin observables and 
their implications for parton distributions with some comparisons with re- 
cent data. 
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2 The quark transversity distribution Sq{x, Q'^) 



The quark transversity distribution was first mentioned by Ralston and Soper 
in 1979, in pp — )■ n'^fi'X, with transversely polarized protons, but forgotten 
until 1990, where it was realized that it completes the description of the 
quark distribution in a nucleon ClS db density matrix 

Q{x, Q'^) = q{x,Q'^)I®I + Aq{x, Q^)(T3 ® (T3 + 6q{x, Q^) ((T+ ® a_ + a_ ® a+) . 

(1) 

So in addition to q{x,Q'^) and Aq{x,Q'^), the helicity distribution, there 
is a new distribution function 5g(a;,(5^), (also denoted ATqiXjQ"^)), chiral 
odd and leading twist, which decouples from Deep Inelastic Scattering. By 
requiring the positivity of the above density matrix, one finds that Sq{x, Q^) 
must satisfy the following positivity bound [2] 

qix,Q') + Aqix,Q') >2\5qix,Q% (2) 

which survives up to next-to leading order corrections. 

We show in Fig. [1] (Top), that the region restricted by Eq. ([2]) is only 
half of the entire square. This theoretical result is not new, but recently it 
became very interesting to test, with the first extraction of Sq. The transver- 
sity distributions for u and d quarks were determined indirectly from a global 
analysis [3] of the experimental data on azimuthal asymmetries in semiinclu- 
sive deep inelastic scattering (SIDIS), from the HERMES and COMPASS 
Collaborations, and in e^e~ — )■ hih2X processes, from the Belle Collabora- 
tion. The results at = 2.4GeV^ are shown in Fig. [T] (Bottom) and one 
notices that in both cases jA^-gl < |Ag|. It is clear that the uncertainty on 
this determination is still rather large. The positivity bound is well respected 
for the u quark, but saturation, or perhaps violation, seems to occur for the 
d quark in the high x region and this is partly related to the fact that Ad 
is large and negative in this region. A special effort should be made on the 
experimental side to clarify this very important issue. 

3 General positivity bounds in particle inclu- 
sive production 

To start, we consider the inclusive reaction of the type A (spin 1/2) +5 (spin 1/2) —)■ 
C + X, where both initial spin 1/2 particles can be in any possible directions 
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Figure 1 : ( Top) : Allowed domain corresponding to the constraint Eq. . 
(Bottom): Transversity distributions for u and d quarks (solid curves inside 
uncertainties bands), positivity bounds (highest and lowest lines) and helicity 
distributions (dashed curves) (Taken from Ref. (3)). 



and no polarization is observed in the final state. The spin-dependent cor- 
responding cross section <T{Pa,Pb) = Tr(Mp), can be defined through the 
4x4 cross section matrix M and the spin density matrix p, where Pa, Pb are 
the spin unit vectors of A and B , p = pa ^ Pb is the spin density matrix with 
Pa — {I2 + Pa ■ ^a) /2, and similar for pb- Here I2 is the 2x2 unit matrix, and 
(7 = {(Txi (Jy, CTz) stands for the 2x2 Pauli matrices. For the parity- conserving 
process, M could be parametrized in the following way 

M = ao[h + AaNCTay <S> h + AbNh <S> (Tby + ^ATATfJaj/ ^ CTby + ^LLC^az <S> (Tbz (3) 

+Ass(Tax ® f^bx + ^LSryaz ® (^bx + AgLTax ® <7bz\- 

Here /4 is the 4x4 unit matrix and (Jq stands for the spin-averaged cross 
section. In other words, for a parity-conserving process, there are eight in- 
dependent spin-dependent observables: the unpolarized cross section (Jq, two 
single transverse spin asymmetries AaN and AbN, and five double spin asym- 
metries Aatat, All, ^ss^ ^ls: ^-nd ^sl- Here the subscript L, A^, S represents 
the unit vectors along the spin directions of initial particles A and B. Specifi- 
cally in the center-of-mass system of A and B, L, N, S are along the incident 
momentum, along the normal to the scattering plane which contains A, B 
and C, and along N x L, respectively. 

The crucial point is that M is a Hermitian and positive matrix and in or- 
der to derive the positivity conditions. In the transverse basis where ay is 
diagonal, we have found that the diagonal matrix elements Ma are given by 

Mil = (1 + Ann) + {AaN + ^tv), M22 = (1 - Ann) + {AaN - Ajv)(4) 
M33 = (1 - Ann) - {AaN - Ajv), M44 - (1 + Ann) - {AaN + ^biv)- 

Since one of the necessary conditions for a Hermitian matrix to be positive 
definite is that all the diagonal matrix elements has to be positive Ma > 0, 
we thus derive 1 ± Ann > \AaN ^ AbN\, which is valid in full generality, for 
both parity- conserving and parity-violating processes. 

Back to the case ior + ^ C + X where the initial particles are identical, 
we have AaN{y) — —AbN{—y)- Using this relation , one obtains, 

1 ± ANN{y) > \AN{y) T AN{-y)\ • (5) 

This is an interesting result which, can be used, in principle, with avail- 
able data on for tt^, K"^, 7r°, 77 production, to put some non trivial 
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Figure 2: (Top): The dependence of An on xp is plotted for 27 production 
in the 7r° and 7] mass regions (Taken from Ref. [5]). {Bottom): An for the 
reaction pp — )■ ?7,X versus the neutron transverse momentum qt, measured at 
various energies. The asterisks are the result of the calculation (Taken from 
Ref. [6]). 
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contraints on Aj^^iy)- For illustration we display in Fig. 2 some recent un- 
expected and large results on single spin asymmetries. In the case of neutron 
production, the asymmetry corresponds to very forward neutrons and the 
big effect observed is due to an interference of vr — ai Regge exchanges |6]. 
Conversely, for prompt photon and jet production, theoretically Ann is ex- 
pected to be small, except in the high pt region, because since there is no 
transversity for the gluons, its sensitivity to 6q is only in the high re- 
gion, dominated by qq — )■ qq. By making use of the positivity bound on 
transversity, it was possible to estimate Ann [Z] and it was observed that 
|^iVAf| << I^llI- It is important to verify this theoretical expectation. 



4 Positivity bounds for Sivers functions 

Now let us study the imphcation of 1 ± ANN^y) > |^Af(z/) i ^Ni—y)\, in the 
parity-violating process p^ + p'^ — )■ + X. We denote by y and q_L the 
rapidity and transverse momentum of the W boson. Since we will assume 
Ann ~ 0, for y = 0, the bound reduces to 1 > 2\AN{y = 0)|, to be compared 
with the usual trivial bound 1 > \AN{y = 0)|. 

The TMD quark distribution in a transversely polarized hadron of spin S, 
can be expanded as 

fq/ht{x, k_L, S) = fg/h{x, ki_) + ^A^/g/;,t(x, ki_) S ■ X kx) , (6) 

where p and k^ are the unit vectors of p and k^, respectively. fq/h{x, k±) is 
the spin-averaged TMD distribution, and A^/^/^t(x, is the Sivers func- 
tion. There is a trivial positivity bound for the Sivers functions which reads 
\'^^ fq/h^{^y k±)\ < 2fg/h{x, kj_). An is expressed by an integral in terms of 
the Sivers functions, and it is usually assumed in the phenomenological stud- 
ies that the x and k± dependence of the TMD distributions can be further 
factorized as follows 

fq/h{x,k±) = fq{x)g{k^), (7) 
A^/,/,t(x,A;x) = A^fg/,,{x)h{k^)g{k^). 

For the k_i dependence, a Gaussian ansatz is usually introduced , which has 
the form 

= -L:e-^y^^iK (8) 
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This choice satisfies h{k±) < 1. Thus the previous positivity bound imphes 
fq/h^i^) < '^fqi^)- Then one can carry out the integration analytically 
in Ajv to obtain 



(9) 



J2ab 


Vab 


pA^/„/,t(x)/,(a;) 


Y^ab 


Vab 


'fa{x)fb{x) 



A^{y = 0) = H{qj 
where x = Mw/y/s for y = and H{q±) is given by 

with = Mf (A;i)/[M2 + (kl)]. 

The g_L-dependent function H{q±) reaches its maximum H{q^ 
{kl){{kl) + {kl))/{{kl) - {kl)), with i/(g^)^ax given by 



(k'i )+{k'i) 



2{k'j ) 



(10) 



when q'j_ 



H{qi 



- [{kl) + {ki)Y 

Using the fact that 1 > 2|yljv(|/ = 
new bound for the Sivers functions 



2{kl) {kl) + {kl) 
Ml {kl)-{kl) 



(11) 



T,ab 


Vab 




^fa/At{x) fb{x) 


Hab 


Vab 


'fa{x)fb{x) 



for any q± and ^/s, we thus derive a 
1/2 



< 



For it can be simplified as 
obtains the following constraint 
0.25 GeV^ and 



u{x) d{x) 
A^djx) _^ A'^u(x) 



H{q. 
< 



0.34;°:?° GeV^ one gets 2.6 < l/i/(g±)„.ax < 4.75, 



d{x) 



u{x) 



< 



H(.q±h 



(12) 

For W^, one 
For {kl) = 



to be compared with the trivial bound, which gives the number 4 on the 
r.h.s. Although it is not a spectacular result, these new bounds are useful 
for consistency checks and we note that this can be also applied to the Sivers 
gluon function accessible in direct photon production [9]. 



5 Positivity bounds involving parity- violating 
asymmetries 

In the helicity basis it is easy to obtain the explicit form of M and now from 
Ma > 0, we have 1 ± A^l > \^aL =t AfyL\. It is important to note that for 
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Figure 3: Longitudinal asymmetries are plotted as a function of rapidity y of 
the W~ {Top Left), {Top Right), Z° {Bottom), produced in pp collisions 
at ^/s = SOOGeV. The solid curves are the single longitudinal spin asymme- 
try Al, the dashed curves are the double longitudinal spin asymmetry All 
and the dotted curves are the combination of l + ALL{y) — + 
(Taken from Ref. [4]). 
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identical initial particles scattering, one has Aaiiy) = Abi{—y), so one gets 

l±ALL{y) > \AL{y)±ALi-y)\. (13) 

These bounds should be tested in RHIC experiments for or produc- 
tion in longitudinal pp collisions, pp — )■ W^/Z^ + X. In perturbative QCD 
formalism, at leading-order and restricting to only up and down quarks, one 
has the following simple expressions for the single helicity asymmetries 

^ u{Xa)d{Xb) + d{Xa)u{Xb) 

^ d{Xa)u{Xb) + u{Xa)d{Xb) 

,zO( ^ ^ Sg(2^gQg) [-^q{Xa)q{xb) + Aq{Xa)q{Xb)] , . 

^^^^ + + ' ^ ^ 

and for the double helicity asymmetries 

A^^{y) - Au{xa)M{xb) + Ad{Xa)Au{Xb) ^^^^ 

u{Xa)d{Xb) + d{Xa)u{Xb) 

A^~(y) - Ad{xa)Au{xb) + Au{Xa)M{Xb) 

d{Xa)u{Xb) + u{Xa)d{Xb) 

. ^ H.ivl + «g) [Ag(xJ Ag(x5) + Ag(xJ Ag(xfc)] 
^^^^^ E,(t',^ + a2)[g(xjg(x,) + g(xjg(x,)] ' ^ ^ 

where Ag(a;) and q{x) are the helicity distribution and unpolarized parton 
distribution function, respectively. Vq and Qjq cirG the vector and axial cou- 
plings of the Z^ boson to the quark. Xaf, are the parton momentum fractions 
given by Xa = rnqj^fse^^ Xb = mq/ y/s e'"^ , with niQ and y, the mass and 
rapidity of the W (or Z) boson and y/s the center-of-mass energy. 
One notices that Al and All involve only quark helicity distributions. To 
estimate these asymmetries numerically, we choose the unpolarized and po- 
larized quark ditributions functions based on a statistical approach [TO] . The 
results of the calculations are displayed in Fig. 3 and show that positivity is 
satisfied. It is not always the case for other sets of parton distributions [1]. 



6 Concluding remarks 

Although many interesting cases were not presented here, for lake of time, 
we have seen on these recent results that positivity provides very useful non- 
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trivial bounds on spin observables and parton distributions. One should not 
forget this important tool to check the consistency of model builders and of 
forthcoming data, in the exciting field of spin physics. 
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